Concepts / Mathematical Theorems For Practical Use
In Pursuit Of The Profession Of Engineer

1. Present Taylor's formula for functions of one variable and how can be
used in approximating functions by polynomials.

Answer:

let f:IcR—R,andx, € I,where fe C""'(I).Then
f(x)=T, (x)+ R, (x) (Taylor's formula),

where T’ is the Taylor’s polynomial of n'" order, and R, isthe reminder:

(x- )

T, ()= f(x) +® [ () b 2 £ (xy),
(x — Xy )n+1 (n+1)
R, (x)="—— "V (x +6(x—x,)), 0<O<I.
(n+1)

It follows the approximation formula for f(x) in a neighborhood V of x,:

F) =T, (x),

xeV

2. Define the notions of eigenvalue (or proper value) and eigenvector (or proper vector) on
a linear operator.

Answer:

We consider the vector space V defined over the field K and the linear operator
f:V —> V. Avector v € V (different from the null vector of V) is called an eigenvector (or
proper vector) of the operator f if there exists a scalar A from K such that f(v) = Av. The
scalar Ais called an eigenvalue (or proper value) of .




3. Specify how the extremes of a function of class C” of two variables can be
found.
Answer:

The extremes of the function u =u(x,y) are among the stationary points, namely the

d
u_

solutions of the system gﬁ .
— =0
dy

A stationary point is a point of minimum if in this point

o’u d’u (azu jz o’u

. — >0 and — >0,
ox> dy> | oxdy ox’

and is a point of maximum if in this point

0%u %u [ o%u ? o’u
ax2 ayZ —(axayj >0 and —2<O

ox

4. Define the following notions: arithmetical mean, weighted arithmetical mean and
geometrical mean.

Answer:

Let {x1, X, ..., X,} be a non-empty set of records (real numbers) with non-negative wedges
{pl; P2, .y pn}

PiXi t PyXy ot Pk,
PrTpytp,
have more contribution to the mean). We can simplify the above formula taking normalized

Weighted mean: Mp =

(the elements with a greater weight

n n
weightsz p; = 1. In this case we have Mp = Z DX
i=1 i=1

Arithmetical mean : M, itis a particular case of the weight mean M, when all weights are

1
equals p, =—.
n

J Xi+x,+etx
We have M , =— Z x, =1 2 " (Mgindicates the central trend of a set
n

i=1 n

numbers).



Geometrical mean: M, =4/x,x,,:-x, ifx>0,i=1,n.The geometrical mean has the

following geometric explanation: the geometrical mean Mg =./ab of twonumbersa, b e

R, represents the length of a square with the same area as a rectangle with lengths a and b.

5. Define the notion of the conditional probability, write and explain the Bayes’s
formula.

Answer:

Let {E, K, P} a probability space and A, B € K two events with P(A)# 0 . We call the

probability of the event B conditioned by the event A, the expression:

P(ANB)

P.(B)=P(B/A) = A

Let S =1{B,,B,...B,} an events complete system. Therefore,

n

E= UBi,Bi € K,BiﬂBj =@, i # j.We say that the system S is a partition of the sure
i=1

event E, and the events B; are called outcomes.

Bayes’s formula:

P(B,)PBI(A)

P,(B;)=—
D P(B))- Py (A)

This formula returns the probability of an outcome in the hypothesis that the event
A has occured, or, more precisely, the probability that to occur the event A to be
conditioned by the outcome B;.

6. Define for a discrete (and finite) random variable the following numerical
characteristics: mean value, variance and standard deviation.

Answer:
Let & be a discrete (and finite) random variable with its probability distribution

é{xpxz’m’xn j’ipi =1, p; :P(é::xi)

P1>P2se-5 Py ) i=1



n
Mean value: M((,’f) :Zx[ P; - The mean value represents a numerical value around which
i=1

it’s find a group of the values for this random variable.

Variance: D* (&) =0’ = Ml(f— M(f))zj :
Standard deviation: D(&) =0 =+/D*(¢) .

The variance and the standard deviation are indicators which explain the

“scattering” of the values for a random variable, giving information on the concentration
degree of the values around to its mean value.

7. Define the Laplace transform and write the formula for the derivative.
Answer:

If fis an original function, then its Laplace transform is

(Lf) (s)= [ f(0)e " di
0

Image of the derivative:  (Lf ') ($)=s(Lf)(s)—f(0,) _

8. Define the Z transform (the discrete Laplace transform) and calculate its image for
the unit-step signal.

Answer:

If {fn} is an original sequence, then its Z transform is:

Z(£) @)= f.o".

For the unit-step signal

0, n<0,
o, =
, n=20, neZ
: , ] 4
its Z transform is Z(Gn)(z)=2z =——=——, for Izkl.
n=l1 1_1 Z_l
Z



9. Polar, cylindrical and spherical coordinate systems.
Answer:

The conversion between the Cartesian coordinates (x, y) of a point in the plane and
the polar coordinates (p, @) of the same point is given by the relations :

{xzpcow
y=psing’
where p € [0,0), ¢ € [0, 2n).

The conversion between the Cartesian coordinates (x, y, z) of a point in three-
dimensional space and the cylindrical coordinates (p, @, z) of the same point is given by

the relations :

X=pcos¢
y=psing,
7=z

where p € [0,0), ¢ € [0,2n), ze R.

The conversion between the Cartesian coordinates (x, y, z) of a point in three-
dimensional space and the spherical coordinates (p, @, 8) of the same point is given by the

relations :
X = pcos¢@sin
y=psingsin @
z=pcosé

where p €[0,©), ¢e [0,2n), 6€ [0, n].

10. Physical and geometrical magnitudes calculated by integrals. Formula for the flux
of a vector field.

Answer:

Area of a plane domain, volume of a body, mass, centre of gravity, moments of inertia, the
work of a field of force.

Let S be a smooth surface and let v = Pi + Q; + Rk be a continuous vector field on S .

The flux of the vector field v across the surface S oriented by the normal vector

ii = (cos )i + (cos B) ] + (cos 7/)1? is:



”(W)dS = ”(Pcosa+ Qcosf+ Rcosy)ds.

11. Derivative with respect to a versor of a real function. Gradient, divergence and curl.
Answer:

Let f:DcR —R be a scalar field, let 5€ R®, ||s||=1, be a versor and g€ D. The

derivative of fin the direction of s at the point a is the limit (provided that it exists)

tim 1@ +5)- @)=L (@)

-0 ¢ B os

of (- -
The derivative —{(a) characterizes the velocity variation of f with respect to s at the
s

point d . The gradient of f at a is defined by

erad (@) =¥7(@) =@ + @) + @)k

where Nabla is the operator of Hamilton

of o\ - _ ~
It can be proved that a—{ (@)=75-Vf(a), thatis the directional derivative of f at a in the
s

direction s is equal to the dot product between the gradient of f and s .

From here it follows that the gradient direction of a scalar field is the direction of maximum
value of that field, that is the field has the fastest variation.

Let ¥:U — R be a vector field defined on an openset U cR® , v = (P,Q,R). The

divergence of the field Vv at a current point is the scalar (number)

divvza—P+a—Q+a—R.
ox dy oz

The curl of the field v at a current point is the vector

. .\ [OR 00 ) (0P OR)- (0Q OP)-
l :V = —_— e —_— k .
curly =Vf (a) [ay 0z jl +[az axj]-l_[ax ayj



12. Write the Fourier series and the Fourier coefficients for a continuous periodic
signal.

Answer:

2
Let f:R — Rbe anintegrable and periodic function having the period T and a):? .

The Fourier coefficients are:

2 T
a, :?}[f(t)cos(na)t)dt, n=0,L,..

27 .
b, == f()sin(nan)dt, n=12,...
T 0
The Fourier series associated to f is:
a, ~ )
—+ Zan cos(nax) +b, sm(nax) .
n=1
13. Define the Fourier transform. The Fourier inverting formula.

Answer:

The Fourier transform of an absolutely integrable function f :R—C is:

fl@)= | fele"d:.
The Fourier inverting formula is

)= flak"da

14. Write the filtering formula and the Fourier transform for the unit impulse.



Answer:

The filtering formulais: 5(x—x,) = J, ,where J is the Dirac’s distribution.

The Fourier transform is 5‘= 1.

15. Solve the Cauchy-Problem

where a is a continuous function.

Answer:

The given equation can be rewritten as

Integrating between f,and 7, we obtain

lnx(t)—lnx(to)z.[;a(s)ds =2 x(t) =.[;a(s)ds.

x(to)

Thus, the sought-for solution is






